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Q 1 ) Provethe Hòldeiscnd Minkowskis Inequalitiesforlkinthefollowingsensei

Fixaconjugatepairlp.gl , ie.pt > 1 suhthat 六点 = 1
.

Define Mp://I-Ra.MX……Hpi二点lxiii.similwlyforlhlg.la/ShowthatHolder'sInequalityholdsiformyxy EN , Èkiyil EIM.MG

(b) Showthat Minkowskis Inequalityholdsiformyx.yEN.MY llpEMH Mlp

Sd ) (a) Idea ! Apply Hòlders Inequalityfor RIO.nl tosomestepfmctio
ns.RecallHòlders InequalityforRIO.tniforanyfgERIO.nl/lHglhElHllpHgllg.flt)i=XifortEE-1,i),i=li;ncnd

fln ) !=

xn.Giux.yER.definef.gs{
y-yitrtai.il.i-li.in cnd 9四 口

Ynflt)
^

thenlfgjltj-xiyifortETi.il.iliinandlfgllnkxnyn.xz.i.co
n Xn _ _ _ _ _ _ __ @

@Notethat.llfgllisohtldt 二点 Silxiyildt 二点心心 ,x.iiiii.lt/b=lilfltHdti=1点 silxiidti =毆啊= 烆 ! 之 h 4

allglbilgnidti = 1点 Siyiidǜlinynq
i. Hfglhillfllpyimplies Èlxiyil EIM.MG ,

Thefore
,

Hòlder 's Inequalityholds .



(b) Idea ! Apply Minkowskis Inequalityfor R [0四 tosomestepfmctio

ns.RecallMinkowskisInequalityforRIO.tniforanyfgERT.0.n]
, llftgllpsllfllptllgh

Given

x.yEN.definef.gasinld.Thenlftglltl-xityifortETi.il.Ili.incndlftglln) =
xntyn.i.llftgllpsllfllptllgllpimpliesllxtyllpEMlptllyllp.hnfore

,

Minkowski 's Inequality

holds.Rmk.lbjprovesthetriangleinequalityaxiomoflRNNpl.co
Fromthisproof.com cantransporttheeqvalitycasesconditiousfor Rhbl

totheeqvalitycasesconditiousforlR.aAHernatively.co
necanprove Hòldeiscnd Minkowskis Inequalitiesfor IR diredy

:

(a) ! Apply Yomg 's Inequalityinasimilwwayasinlecturenote

(b) ! Apply Hòldeis

InequalityforlR.no
Hòldeiscnd Minkowskis Inequalitiesfor IR and Rhb] arespecidcasesof

Hòldeiscnd Minkowskis Inequalities for Tneasvrespaces
"

(whichwillbe covered in MATH 4050 : Real Analysis ) ,



Q2) Foreachpodfinethespaaofp-summablesequenceslpasoliuxnhilxnERdknktjadp.normlhlpilp-Raslhiinilajshowthatllp.MN
isanormedspacetorlepto

(b) Showthat ftp.MplisNOTanormedspacefor 0 < p < 1
.

Sollla) Ideai Apply Minkowski
'

s Inequalitytoprovethetriangleinequalityaxiom

Exerciselpisaredvectorspaceunderentrywiseadditioncnd scdarmultiplication

Checking llp.MplsatisfytheaxiomsINIJ-IN3lfornormedspaa.si

INIIilfxc-lp.lk 11叫無比啊20 ; Mlp = 0GV-nc-N.knkOG-O.IN
2IVxdp.V-xc-R.lkxllp 二点比啊二点州州在 叫終修 = 12 1 11*

[N 37 ilfx.yclp.VN EN.definetel-xns.Yly.i.is ERN ,

Then

(Ěkntyiiillxtylptllxllptllyllp lby Qlbforp > 1 ilectmnoteforp = 1 )

= 倒啊+1酚啊Ellxllptl

i. Take

N-s+o://xtyllpskllptlyllp.to/lp,Mplisanormedspace.ShowingIN3J
isfalseichwna-ll.co , -.- ) ; b = 10

, 1,0, … ) ,

thenllallp-I-llbllpillatbllpilnii-iiocpc.la
hsllp = i > 2 二 llallptllbllp

i. [N3] isfalse.henell.MN is NOT anormedspace



(b) Ideai Provideacomterexample.to triangleinequality

Showing IN 3了 isfalsei Chok ㄨ = (心 … ) ; y = (0 , 1,0, … ) ,

thenlkllp-I-llyllpillxtylpilnii-i.io
cpcl => llxyllp = i > 2 二

lkllptlyllpi.IN
3] isfalse.hu/lp,lHp)isNOTanormedspacefor04.

1型 。 (a) generalisesthstatementthatlh.MN andllz.MS arenomedspaces

toarbitrarypl.aInfact.onecouldtakep-ointhesensethatllo.MN
isthespaceofbomddsequencesendwedwiththesup.no
rmllhs.Thefactthatllo.Mdisanormedspa.isshownin Torial 4

,

Remwk 3
.

˙ Exactlythsameargmmtshowsthatforanynzz ,

(a) llR.MN isanormedspacefor P 31
,

(b) llR.MN is NOT anormedspacefor 0小 1
,



Q 3 ) Provethe Gmpletion Theoremvia Tutorid 4 . Q 2 :

Given

ametricspaalx.dl.thereexistsacompletionlY-oflx.dl.when.LY
Disacompktemetricspaaat
正 : ( X

,

d ) → N
.
P)

isanisometricemheddingsuchthatl-Y.SN
Ideai Applytheresultot Tutorid4.Q2.Recallthere.su/totTutorid4.Q2!thenexistsanisometric

embedding

正 : (Xd ) → ! (X)
,

山)
,
when@M.dJ

isthespaceofbomhdcontinuousfvnctio.is
onxendowedwiththesup-metricdo.Exerc.ie

Showthat 她比)
,

山)

iscompkte.IHintisimilarproofa.in
showingltnddiscompleteasinthelectwe.JDefineY.DElǖ

,

d
。劉 asdosedsubspaceof@M.d)

,soiscomplete.tn正 : (Xd ) → Y .
P) isanisometricemheddingwith 動 = Y

.

Rmk Thispwofof Gmpletion Theoremisshortrthanthelectione

butisdsolessexplicitinthesensethattiisnotverywdl.vnderstood


