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O1) Prove the Holder's ond Minkowski’s Tnegualities Sor R in the Sollowing sense :
Fix a conjugate pair (P.9), 1e. P92 >1 suh Hat %ft{*: |
Define Il s R" = R as Jxmxolly o= (3 i) Similerly For I,
(#) Show that Holder s Tnequolity halds : For ony %,y eR", ii__llmil < Ixi, iy,
(b) Show that Minkowski’s Tnequolity holds : Sor oy .y € R, Ity lp< Iy + 1yl
Sol) (o) Tdew: AVP\V Holder 's Lnequality For RI0.n1 fo Some Stop Functions .
Rec] Holder s Lnequolity For Rlo.nd: foraw, §.9€ Rl.n, 155, < blphgl,
P):= X, For € Ui 1), 1=0on ond Flh)=x,
Given x.ye/R",Jefine 7.9 as {

3(‘(',):: Vi $or teli 1) 1=l on ond jm\):yn_
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then @) =xiy: For te T i), 1=lon and 5 =y,
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1£30, < Ut g, 1mplies i\*ml < I, Wi, Thercfore, Holder s Tnequality holds



(6) Tdeat Apply Minkowski s Tnequality $or RTo.n1 to come step Fuchions

Recall Minkowsi's Iaeo,mwf/ for Rlo.nl: for aw, £.9€ Rlo,nJ, (g1, bsllp+lgh,,
Given x.ye R define 5.9 o5 jn (. Then

B+ =¥t Y For te Tin i), i=lun ond Tt 9)n = xty,

. n'f+3“P$ “‘ﬂ\‘,-t-llgnP ;m?“eﬁ ]|X+)’ HF$ “XUP + ll)’llP .Tiwtfare, Min\(ows‘d s Ihequq“‘f/ \nous_

Ruk (b)) proves the fvimgle incquality osiom a5 (R I15)
* From this proof, one can '[:m\stE the equality cases condtions ’fw Rb,b)
To the equalft/v cases conditions Tor /B
 Atterncively one can prove Holdor's ond Mirkouski’s Inequalies Tor K ety
(a) - Aypl\/ Nowg's Tnequality in o Similr way a3 in Lecture note
(b): Apply Holder's Inequality For /R
 Holder's ond Minkowski’s  Inequalities Sor X" and RT0k] are special cues of

Holder's ond Minkowski's Ihequq“‘ties for “measore g[mcesl

(which will loe covered in MATH 4050 Reol Analysis).



&2) Fov euch P>O ,zieﬂwa '(Z'M sPucc o5 P~summab’e Sequemces ﬂl’ (N

L fl e 6R 5 Eo el <eon) sl porarm [ £, — R an Iy (ST

la) Show that  [L, [,) is o normed spuee For ENEESTN
(b) Show Tht (£, 1) is NOT o wormed spre For O <p <.
Sol) (0) Tdeo: Apply Minkowski s Lnaguality to prove the triamle. inegulity axiom.
Eeroise KP IS o feal vector space undis entrywise addition and Sealar mltiplcstion
Chacking (£, I1) satissy the axions IN1]- V31 For normad sposs
[N11: ¥ xe k, lIxl, =2 lxhlP)”zo k= 0 & YneN, =0 & x=0,
IN2): ¥ x el VaeR |ldxly = (éldx"]’,ﬁ:(gIoUPlx.,l")%: 1) (fzf,,lxnnf)*’ = lallIx,
TN3T Y sy €fy VN €A, define =), ¥ £ )R Then
(2, g = sy L < e 1y,

= (2wl + (3 " <D+l
S Toke N=+ oo Hx+y” < Il + Iyl

Mr’"‘”r’) s a normeJ space .



(b) Tdea - Premvide a COm'themeFl«c " ‘b’l‘aryl& {nez?ualif/v,
gl/l()wl"/lﬁ IN3Y is falee : Choye X = (L0,) y=10,1,0,),

thon Il = 1= llyllo 5 Jwylly = (1%F)
Vo 0epal > lxylhs oF >a= lixllp « 1y lp.

o IN3) i False, hone (Lo 1) i NOT o nommed space for 0<p<l
Ruk (@) generalises the stotoment that (£, 111) aud (2211, ove ol spoces
o arloi'tvaV)' P>,

© In fact, one cold toke p=co in the sense that (Lo, [11) is the space

of bomdsd sequences endowed with the sup-norm [l'llo.

The fact that (Lo, 1) s o normsd spoce is shown in Tutorial 4 Romerk 3,
* Exodly the same gt shows that Sor omy 2,
@ (K &5 o normed space or P> 1.

(b) UR‘,H-HP) is NOT o normed space Tor o0<p<l.



Q3) Prove the Completion Theavem vie Tutorial 4. Q2 :

Griven a mete spuee (%.d), There exists a Gompletion (Y. ) oF (X.d), whee
P ds o complete matrie space.

C 2 (Xd) 2 (Y. P) 18 an isometre onbidding such thet Fo=Y.

Sol) Tdew Apply the vesutt of Totorial +.Q2.

Recall the vesst of Tutorial 4 Q2 ¢ the exists an isomebric embedding

2 (Xd) = (€04, whue (€00.d) is the space 08 boundsd continuous
Fonctios on X endowed with the sup-webric ...

EX%LI'SC S\!\ow _tkﬂ"t (\Gb(x) (Jw) iS CDMP‘e’te .

Defihe K\{P) i= (5&3 . d”\g@\ 0s C[(’SOJ S\)‘DSYau, o'f (ﬁb(x),dw),go ES Coyn]?]e'{'e.
Thee 2 (Xd) = (V. is an isomutbre eobelding vith F00= Y.

Rmk This ono{‘ of Comp\e'tiow Th@ovm s shorter tho The loctu's one,

but s olso e explicit in the somge Thet 200 is not Very well- undexstood



